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Abstract. This paper presents a rigorous and
systematic  investigation of  fractional-order
derivatives and their role in the formulation and
analysis of fractional differential equations. The
main definitions of fractional calculus, including the
Riemann-Liouville, Caputo, and Grinwald-
Letnikov approaches, are examined within a unified
theoretical ~ framework.  Their  mathematical
properties, structural differences, and areas of
applicability are comparatively analyzed. Particular
attention is devoted to the Caputo derivative due to
its compatibility with classical initial and boundary
conditions, which makes it especially suitable for
physical and engineering applications. The
fundamental properties of fractional derivatives,
such as linearity, non-local behavior, memory
effects, and their relationship with classical integer-
order differentiation, are discussed in detail.
Analytical  solution methods for fractional
differential equations are developed using the
Laplace transform and the Mittag—Leffler function,
which generalizes the exponential function in
fractional ~ dynamics.  Step-by-step  solution
procedures for complex initial-boundary value
problems are provided to ensure mathematical
consistency and clarity. The obtained results
demonstrate that fractional-order models provide
enhanced accuracy and flexibility in describing
anomalous diffusion, hereditary phenomena, and
memory-dependent processes. The study confirms
the effectiveness of fractional calculus as a powerful
mathematical tool for modeling complex dynamical
systems in applied sciences and engineering.
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Introduction

Latest in years complicated memory and
hereditary traits has was processes modeling issues
practical and theoretical in research separately
relevance profession is doing. Classic whole orderly
differential equations many technician and natural
processes in description effective although they are
in real systems observable far term memory effect,
anomalous diffusion and late answer events complete
express This view from the perspective of fraction
orderly derivatives and they based on differential
equations classic mathematician models generalizing
strong tool as manifestation is happening. Fraction
analysis in particular time and in space spread
abnormal speed processes in description important
importance Forexample, daily in life occurring of
heat uneven spread, soil and pore in environments of
liquid slowly or accelerated filtration, polymer and
viscoelastic of materials to deformation late answer
such as events fraction orderly models through more
precisely is expressed in biology. of drugs in the
body absorption and spread, economic in processes
and market system past to the circumstances related
development fraction derivatives using effective is
being modeled.

Fraction orderly derivatives main
definitions, properties.

Lemma 1. Gamma function

I'(z)= jtz‘le“dt, R(z)> 0.
0
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Here z is a complex number R(z) whose real
part.
The gamma function recurrent property.

F(z +1) =7 -F(z).
If ze N :
F(z +l) =71
Z is not a naturalnumber situations for
examples:

Example 1: Find what F(%)?

(j jﬂ *m_jt%*m_j—ﬂt

This mtegral solutlon for varlable by
replacing we get:

t = X2, 2xdx = dt.
From this below expression come it turns

out:
2 2
1) Te* e
3L
2 0 VX 0 X
Above integral Gaussian integral with tied we
get:

Lemma 2: Gaussian integral
+0
2
[erdx=vr

e pair from functionality
j e ¥ dx = % come comes out.

So

F(%) == ZIe‘dex = 2% =z

Example 2: Find what F(%)?
1
2

HECRETOR:

Lemma 3. Betta function.
If p>0 and g>0 then the Betta function
through the following integral found:

1
B(p.q)= Itp‘l(l—t)q‘ldt, p>0,q>0.
0

Gamma and Betta functions connection (
Eulertheorem ).

0=y

Example 3. Find what B(%,%)?

_%ﬂﬁﬂ,ﬁ&;

o(312)- (1)

2 2
Example 4. Find what B(l, 2)?

1

t’ 1
B(L2) ja dt=t-——| ==

2 0 2
Riemann-Liouville fraction orderly

product
Definition. IfN —=1< & < n if, then:

HU———O“”GD

namely:

Dy f(t) =

1 d”j f(7)
F(n—a) dtn a(t— )a—n+l
Caputo fraction product

Definition. Ifn—1<a<n If, then the
Caputo fraction orderly product as follows will be:

CDaf(t) In;a(d :j

dt

namely:

°D f(t) =

1 j f™(z)
(n —05) . (t _Z_)afml
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Example 5. Let, be a Riemann—Liouville fraction.
orderly product through solve

fi)=t>+2t*>+t-1, a(0,1)?

dr

1 jr3+212+r—1
F(l—a) 0 (t—z')a

Integral linearity to the property separation:

1" £ (t) =

t 2 t t

1|7 7 T
F(l—a)! )adHZI(t )adHI(t adr—j(t

- o(t-7 0 ‘7) 0

e

Lemma 4. The beta function of the integral through
calculation

[ _ge = gre HODI Q)
o(t—T)a rm+2-a)
Above from the lemma used without
integrals is considered f (t) function degrees i.e.
for m=3, m=2, m=1 and m=0 every one integral we
count and following to the result we achieve:

4t

1 adi}
)

Function derivative we will find and instead
of let's put

1 j 3r° +4r+1
F(l— a) o, (t-17)*
Linearity from the property we use

1 ¢ ¢ ¢ 1
{3] adr+4j adr+j ~dz
(l a) 2 (t-7) - (t-1) - (t-1)
Using Lemma 4. integrals we count and
following the result we get,

6 1
‘DEf(t) = ——— - S
R i R o L P
Conclusion

Conclusion as in other words, Caputo and
Riemann—Liouville fractions orderly derivatives
above analytical in a way calculated. In the Caputo
derivative permanent terms disappears, this
elementary to the conditions suitable the solution
prowdes in the Riemann-Liouville derivative and
Tﬁesmgular tean Is preserved. Both derivative Betta

‘D f(t)=

CDaf()

4

o 4 t7 4

I“‘f(t):l“(l—a){ o

I'(5-a) "

Each limit we will produce and Riemann-—
Liouville fraction orderly to the product has we will

be:
6t 4t

F(4_a)+fa(r@_(babnmf(fgnc@p)1 using simplified, fraction

order integral and derivatives mathematician
stagnation is provided.
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